This paper is devoted to the evaluation of refined theories for static response analysis of piezoelectric plate. The Carrera Unified Formulation (CUF) is employed to generate the refined plate models. The CUF allows the hierarchical implementation of refined models based on any-order expressions of the unknown variables. Equivalent Single Layer (ESL) and Layer Wise (LW) approaches are used to generate the refined models. The governing equations are obtained considering Navier-type, closed-form solutions. The axiomatic/asymptotic technique is employed in order to evaluate the relevance of each model term. This technique computes the relevance of a model term by measuring the error introduced with its deactivation with respect to a reference solution. The axiomatic/asymptotic technique is applied considering the sensor and actuator configurations for piezoelectric plates. Moreover, the analyses are performed taking into account the influence of the length-to-thickness ratio (a/h) and the use of isotropic or orthotropic materials. "Best" models are proposed and the stress/displacement components and electric potential distributions are evaluated by means of these reduced models.
Introduction
Piezoelectric materials when subjected to a mechanical load generate a positive or negative charge distribution. This phenomenon was discovered in 1880-1881 by Curie brothers (Jacques and Pierre Curie, [1] ) for some kind of natural crystals. The known materials which exhibit piezoelectric properties are quartz and tourmaline (natural crystals) and some synthetic crystals such as lithium sulfate, and several kinds of polymers and polarized ceramics. The most common piezoelectric materials are the piezoceramic barium titanate (BaTiO 3 ) and piezo lead zirconate titanate (PZT). The piezoelectric phenomenon can be explained in terms of distortion of the crystal lattice. Further details on piezoelectricity can be found in the books [2] , [3] and [4] .
Piezoelectric materials present direct and inverse effects; the direct effect means the generation of a distribution of charge when the piezoelectric material is subjected to a mechanical load. Inverse effect, instead, means the deformation of the piezoelectric material when a electric potential is applied. Piezoelectricity can be used to create embedded sensors and embedded actuators. The main advantage offered by these configurations is that a continuous structural health monitoring is possible and hingless mechanisms can be created. This kind of solution is called smart structure and a rigorous definition was proposed in [5] :
A system or material which has built-in or intrinsic sensor(s), actuator(s) and control mechanism(s) whereby it is capable of sensing a stimulus, responding to it in a predeterminated manner and extent, in a short/appropriate time, and reverting to its original state as soon as the stimulus is removed.
Examples of the use of smart structure in structural health monitoring and as actuators are discussed in [6] , [7] , [8] and [9] . The creation of a smart-structure presents several critical aspects, such as the manufacturing, the designing and the control. In this work, the attention is restricted to the analysis of the theories that can be used for the electro-mechanical modeling of plates. A mathematical model for a piezo-mechanic plate analysis should be able to consider both mechanic and electric properties. Firstly, an important distinction should be mentioned: Equivalent Single Layer (ESL) and Layer Wise (LW) approaches. An in-depth discussion can be found in the book by Reddy ([10] ). The analysis of a multilayered plate/shell can be performed considering it as a single equivalent lamina; in this case, an ESL approach is employed and the number of unknowns is independent of the number of layers of the plate/shell. On the contrary, if a LW approach is employed, the displacement field is assumed independently for each layer and it is a continuous function in the thickness direction; in this case, each layer presents its own unknowns. In both approaches, a 3D continuum problem is reduced to a 2D problem.
A number of mathematical models for piezo-mechanic analysis are available in the scientific literature. In the field of ESL models, classical formulations can be used for piezo-mechanic analysis and some examples can be found in [3] and in [11] . Anyway these models can be ineffective for such analysis since this kind of structures exhibit different mechanical-electrical properties in the thickness direction. For example, in the recent years, the use of multilayered plates and shell has become very common in several industrial sectors, for example the aerospace and automotive sectors. The transverse stress and displacement components in a multilayered plate/shell are continuous functions of the thickness coordinate z; these significant particular features of layered structures were defined as C 0 z -requirement in [12, 13] : the discontinuous first derivative of the displacement field is defined as Zig-Zag effect (ZZ) and the transverse stresses continuity at the interfaces is defined as Interlaminar-Continuity (IC).
The possibility to perform an accurate analysis of a piezoelectric plate is connected with the possibility to include the so called Zig-Zag (ZZ) effect and the Interlaminar Continuity (IC). In this sense, the use of higher order plate/shell models should be preferred; an interesting observation is reported in [14] where the authors agree on the fact that at least a parabolic assumption have to be made in order to properly analyze the potential distribution along the thickness. Another example of refined theory available in literature is the model proposed in [15] by Yang and Yu. A refined model based on the LW approach is proposed by Mitchell and Reddy in [16] : the description of the potential distribution is based on the LW approach, while the displacement field of the plate is described by means of the ESL approach. Another author who proposed an ESL model for the analysis of piezoelectric plates is Benjeddou in the work [17] . Touratier and Ossadzow-David in [18] proposed an ESL refined model able to account for the ZZ effect and the IC condition. Interested readers can be addressed to the papers written by Saravanos and Heyliger [19] and Benjeddou [20] for a more complete discussion on electromechanical analysis of multilayered plates embedding piezo-layers.
Among all the refined theories reported in the scientific literature, the Carrera Unified Formulation (CUF) should to be mentioned. According to the CUF, the displacement field of a plate/shell is defined via an expansion of the thickness coordinate. The governing equations are derived in terms of few fundamental nuclei whose expressions do not change by varying the expansion order. In this work, the governing equations are obtained by applying the Principle of Virtual Displacement (PVD). Further details are reported in [14] and in the book [21] .
In all the works and theories introduced, it is underlined that accurate analysis of plates and shells can be provided by the introduction of higher order terms, but, as a drawback, a higher computational cost is required. In the work [22] the authors investigated the possibility of obtaining refined models for plate analysis and, at the same time, of decreasing the computational cost. The axiomatic/asymptotic technique was employed: it consists in discarding all terms that do not contribute to the plate response analysis once a reference solution is defined. In [22] , the authors analyzed refined models obtained according to CUF with the ESL approach and they demonstrated that the geometry (through the length-to-thickness ratio, a/h) and the ortothropic ratio (E L /E T ratio) influence the order and the number of the retained terms. In addition, in [23] , the authors applied the axiomatic/asymptotic technique to the LW models. In addition, two different reduction criteria were proposed: the measurement of the error was conducted in different points along the thickness leading for some problems to different reduced models. Additional analyses through the axiomatic/asymptotic technique are reported in [24] where the authors employed a genetic-like algorithm in order to evaluate the Best Diagram Theory (BDT) that is a graphs which reports in function of the error the minimum number of required terms. In addition, axiomatic/asymptotic technique was employed for the analysis of refined beam theories, as reported in [25] .
The present work is devoted to the analysis of refined piezoelectric plate theories through the axiomatic/asymptotic technique. In the following, the governing equations are based on a Navier-type closed form solution. The influence of several geometric and material properties is considered and two kinds of configurations are examined: sensor and actuator configurations. In the former configuration, a pressure load is applied to the top surface of the plate and the the axiomatic / asymptotic technique is applied. In the latter configuration, the potential is prescribed at the top surface of the plate and the reduced models are derived. It is intended to discover the role played by the configuration on the retained terms. An assessment with the closed form solution available in literature is conducted, i.e. with the results reported in [26] .
The paper is organized as follows: a brief introduction to the piezo-mechanic equations is carried out in Section 2 and the CUF is introduced in 3. The governing equations are introduced in Section 4. The axiomatic / asymptotic technique is introduced in Section 5 and then results are reported in Section 6. Some conclusions are discussed in Section 7.
Preliminary
The piezoelectric effect can be explained in terms of deformations of the crystal lattice: as a mechanical (electric potential distribution) is applied to a piezoelectric material, the positions of the atoms in the crystal lattice change and this induces a potential (strain) distribution. In order to obtain the piezoelectric effect, a crystalline material must be polarized. This can be obtained by means of a potential Φ P , which forces the microscopic polarized domains to be reordered in the same direction. According to the polarization direction, a piezoelectric material can have different coupling effects between the electric field and the mechanical deformations or stresses. The piezoelectric effect can exist if the operative temperature is below the so-called Curie temperature, since above this temperature the piezoelectric effect disappears due to high thermal agitation. In addition, the piezoelectric effect can disappear if the depolarization potential is exceeded.
In the following, multilayered piezoelectric plates are analyzed. These kind of structures are composed of N L layers, which can be pure elastic or piezoelectric. In order to simplify the development of the mathematical model, the pure elastic layers are assumed as a particular case of piezoelectric layer, i.e. their piezoelectric coefficients are null. It is assumed, as working hypothesis, that all layers are perfectly bonded to each other. In addition, it is assumed that the physical limits of the materials are not exceeded, e.g. the Curie temperature and the depolarization potential.
The geometry and the notation of a multilayered plate is reported in Fig. 1 . The reference surface is denoted as Ω and Γ is its boundary. A Cartesian reference system is employed, two main axis belong to the surface Ω (labeled as x and y) and a third axis is normal to the surface Ω. The width of this plate is denoted as a and the length is defined as b. The thickness of the plate is measured on the z axis and it is equal to h. In the following, the polarization direction of the material it is assumed parallel to the thickness direction z of the plate.
Constitutive equations
The constitutive equations for a piezoelectric layer can be written dividing the stress and deformation components into in-plane (p) and out-of-plane (n) components for a generic k layer, that is
Direct and converse piezoelectric effects define the coupling effect between stresses and electric field. The constitutive equations are defined according to the IEEE standard [27] :
Superscript T represents the transposition operation. D k is the electric displacement and E k is the electric field:D
The dielectric displacement is expressed in C/m 2 and the electric field is expressed in V/m. The electric field strength E k can be derived from the Maxwell equations:
Φ k expresses the potential distribution for a generic k-layer. In the following, orthotropic materials are considered. The components of the matricesC 
Symbol˜denotes that the material elastic coefficients are expressed in the problem reference system (i.e x, y, z system reported in Fig.1 ). The dependence of the elastic coefficientsC ij on Young's modulus, Poisson's ratio, the shear modulus and the fiber angle is not reported. A detailed discussion is reported in the book by Reddy [10] . The in-plane and out-of-plane strain components can be computed as
It holds that
and u k is the displacement vector for the generic k layer whose components are [u x u y u z ]. The operator ∂ ,α denotes in a synthetic manner the derivation operator These constants are expressed in C/m 2 . ε k is the matrix of the permittivity coefficients of the k-layer:
In the following only hexagonal crystal systems are considered, this implies that ε 12 = ε 21 = 0 (see [27] ). Permittivity constants are expressed in F/m. In the following two kind of configurations are considered: sensor and actuator configurations. Sensor configuration means that a piezoelectric plate is subjected only to external mechanical loadings and the resulting deformation state causes the potential distribution. Actuator configuration means that the deformation of a piezoelectric plate is caused by the piezoelectric layers as a consequence of the application of a potential distribution. Both configurations are synthetically reported in Fig.s 2(a) and 2(b). Further details can be found in [14] and in [21] .
Carrera Unified Formulation
According to the Carrera Unified Formulation (CUF) the displacement field of a plate structure can be written as
where u is the displacement vector (u x u y u z ) whose components are the displacements along the x, y, z reference axes, (see Fig. 1 ), F τ is the expansion function and u τ = (u τ x , u τ y , u τ z ) are the displacement variables. N EXP is the number of terms of the expansion. The implementation of the CUF can be based on two schemes: the Equivalent Single Layer (ESL) or Layer Wise (LW). In the following both schemes are discussed.
Equivalent Single Layer
According to the ESL approach, a multilayered heterogeneous plate is analyzed as a single equivalent lamina. In this case F τ functions can be considered as Taylor expansions of z, that is F τ = z τ −1 . The number of unknowns is not dependent on the number of the plate layers. Examples of linear and higher order displacement fields are reported in Fig. 3(a) . The position of a point P on the thickness is indicated with z P . In the following, the ESL models are synthetically indicated as EN, where N is the expansion order. An example of an E4 displacement field is reported
As mentioned in [22] , classical models such as CLT and FSDT can be considered special cases of full linear expansion (E1).
Layer Wise Theories
According to the Layer Wise scheme, the displacement field is defined as a continuous function along the thickness direction and it is defined independently in each layer. The displacement continuity is imposed at the layers interfaces. In this case the theories can be conveniently built by using Legendre's polynomials expansion. An example of linear and higher order LW displacement field is reported in Fig.  3(b) , the position of a point P on the thickness is defined according to a layer local reference system x k , y k , and ζ k . The main axes of the local reference system are parallel to the x, y, z reference system, but its origin with respect to the z axis is located at the middle of the layer k. The displacement field is described as
Subscripts t and b correspond to the top and the bottom of a layer. Functions F τ depend on a coordinate ζ k and its range is −1 ≤ ζ k ≤ 1. The extremal values −1 and 1 are reached at the bottom and at the top of the layer. Functions F τ derive from the Legendre's polynomials P according to the following equations.
The Legendre's polynomials used for fourth-order theory are:
The LW models ensure the compatibility of the displacement between layers, that is, the 'zig-zag' effects by definition:
In the following, the LW models are denoted by the acronym LN, N is the expansion order. An example of L4 layer displacement field is
More details about CUF can be found in [21] , [28] and [29] .
Potential distribution assumption
The layers of the the multilayered plates herein considered can be piezoelectric or pure elastic. In this case, the differences of the electric properties of each layer can be significant. In the following the electric potential distribution is expressed according to a LW form distribution since an ESL scheme seems to not be appropriate in order to cover high gradients. The potential distribution is then defined as:
The continuity of the potential distribution at the layers interfaces has to be imposed:
The expansion order of the potential distribution is assumed to be equal to the expansion order of the displacement field, independently from the adopted scheme (ESL or LW). The potential distribution is a scalar quantity, but for implementation reasons it is convenient to define it as a vector, i.e.
In this case the electric field strength can be expressed as
where
Governing equation and Navier-type solution
The analysis of a plate can be conducted by means of the Principle of Virtual Displacement (PVD) which states that:
where δL ext is the virtual variation of the external loadings work and δL int is the virtual variation of the internal strain energy. Considering the in-plane (p) and out-of-plane (n) components of the stresses and strains, it is possible to write:
δ denotes the virtual variation. The development of this equation is herein omitted for the sake of brevity. Details can be found in [14] and in the book [21] . The static response can be evaluated solving the equation:
ext is the virtual variation of the external loadings for the generic k-layer and N L is the total number of layers. This equation can be solved applying the integration by parts
where χ = (p, nΩ, eΩ) and
All the passages are not reported for the sake of brevity. The final result is:
The operator A k dz denotes the integration in the thickness direction for a generic k-layer. Further details can be found in [14] . In the book [21] further informations can be found, in particular for the application of the Reissner mixed variational theorem to the analysis of piezoelectric plates. The attention has been here restricted to the case of closed form solutions related to simply supported, cross-ply orthotropic rectangular plates (C 16 =C 26 =C 36 =C 45 = 0) loaded by a transverse distribution of harmonic loadings. The displacement and potential functions are therefore express in the following harmonic form:
are the amplitudes, m and n are the number of half-waves (the range varies from 0 to ∞) and a k and b k are the dimensions of the plate. The same solution can be applied to ESL approach, in this case, the displacement variables appear without the superscript k.
Reduced refined models construction
A refinement of the results of plate and shell models can be obtained by means of the introduction of high order terms but the price to pay is a higher computational cost. A possibility to reduce it, is offered by the axiomatic / asymptotic technique which aims to evaluate the effectiveness of each term. This technique was proposed in [22] and it consists in the following steps:
1. plate parameters such as the geometry, boundary conditions (BCs), loadings, materials and layer layouts, are fixed;
2. a set of output parameters is chosen, such as displacement and stress components;
3. a theory is fixed, that is the displacement variables to be analyzed are defined;
4. a reference solution is defined; in the present work L4 approach is adopted, since this fourth-order model offers an excellent agreement with the three-dimensional solutions as highlighted in [22] and in [23] ;
5. CUF is used to generate the governing equations for the theories considered;
6. each single term of the refined model is deactivated and the error is than measured. If the error exceed a defined threshold the term under exam is considered as essential. In the following the threshold is set equal to 0.05%.
There are several ways to compute the error, in the present work the error is calculated as follows:
where Q is the quantity under exam (as the stress component σ xx or a displacement component u x ) and Q ref is the reference value. The points at which the error is computed depend on the quantity analyzed. In previous works, as [22] and [23] , several criteria were proposed. In this work, the error is computed at [a/2, b/2, h/2] for u z , σ xx and σ zz , at [a/2, 0, 0] for σ xz and φ, at [0, b/2, 0] for σ yz if the sensor configuration is considered. Instead if the actuator configuration is considered, the stress σ zz is evaluated at [a/2, b/2, 0] since its value at the top and bottom surfaces is zero and a small error at these points can lead to overestimate the number of required terms. This criterium is defined as C1. In the following, the results are represented in a synthetic manner, the legend is reported in Table 1 . An example of representation of a reduced model is reported in the following. Let's consider a two layer piezoelectric plate and its relative L4 model:
The full model can be represented as reported in Table 2 and it is labeled as "Full model". If terms u 
and it is represented as reported in Table 2 and it is labeled as "Reduced model". Attention has to be paid during the deactivation process: the terms related with the functions F t and F b for both mechanical displacement variables (when LW approach is employed) and electric displacement variables cannot be suppressed since in these cases the continuity condition on displacement and electric variables (u
) is imposed.
Comments on results
In the following, reduced models for simply supported piezoelectric plates are reported. As already introduced, two different configurations are considered: sensor and actuator configurations. When a sensor configuration is considered, a transverse pressure is applied to the top surface of the plate and a potential distribution is generated. The potential at the top and at the bottom is set to zero. When an actuator configuration is considered the deformation state of a plate is originated by the imposition of a potential distribution: the value of the potential is set to 1 V at the top and to 0 V at the bottom of the plate. In the following, the sensor and actuator configurations will be defined as problem 1 and problem 2 respectively and they are:
where m = n = 1. The reference system layout and the representation of the two configurations are reported in Fig.s 1, 2(a) and 2(b) , respectively.
Model assessment
The axiomatic/asymptotic analysis requires a reference solution in order to evaluate the effectiveness of the terms in the model. An exact analytical solution would be the best option. Anyway, these solutions are available for only few problems and, in some cases, the values are referred to only few points. In the previous works on axiomatic/asymptotic analysis, the L4 proved to offer solutions in agreement with the exact solutions available in the scientific literature. Herein, an assessment of the L4 model is carried out for the piezoelectric case with respect the case analyzed in [26] . The L4 model assessment considers a four layers laminated plate: the two piezoelectric layers are located at the top and the bottom. The elastic materials properties are: E 1 = 132.38 × 10 9 Pa, E 2 = E 3 = 10.756 × 10 9 Pa, G 12 = G 13 = 5.6537 × 10 9 Pa, G 23 = 3.606 × 10 9 Pa, ν 12 = ν 13 = 0.24, ν 23 = 0.49, 11 = 3.098966 × 10
−11
F/m, ε 22 = ε 33 = 2.6562563 × 10 −11 F/m. The total thickness of these layers is equal to h = 0.8 · h TOT and the ply sequence is 90
• /0
• . The piezoelectric layers are made of PZT-4 and its properties are: Table 3 and in  Table 4 for sensor and actuator configurations. It is possible to note that the L4 model offers a good agreement with the exact solution and for this reason it is used as reference solution for the axiomatic / asymptotic analysis.
Isotropic core plate
An isotropic plate with two piezoelectric layers at the top and at the bottom is considered. The isotropic material is titanium. Its properties are: E = 114 GPa, ν = 0.3 and ε 11,22,33 = 8.85 × 10 −12 F/m and the thickness is h core = 0.8 h TOT . The two piezoelectric layers are made of PZT-4 and their thickness is h piezo = 0.1 h TOT . The properties of this material were already described for the assessment of L4 model. In the following E4 and L4 refined models are analyzed.
The most significant values employed in the analysis of the relevance of terms are reported in Tables 5  and 6 for problems 1 and 2, respectively. For the sake of brevity not all values of all quantities involved in the axiomatic/asymptotic technique are reported.
Results of the axiomatic/asymptotic analysis are reported in Table 7 for both problems 1 and 2 considering the E4 model. The results are related only to the reduced models for displacement u z (problem 1) and to potential Φ (problem 2), since for all the other stress or displacement components all displacement variables are relevant. As first observation, it is possible to state that thick plates analysis is more critical than thin plates analysis since more terms are required. Moreover, it stands out that the difference between the reduced models for problem 1 and 2 is particular clear when a thin plate is considered: the reduced model for problem 2 has only the terms related with Φ k t and Φ k b . It is possible to state that for this particular problem the potential distribution tends to be quasi uncoupled from the mechanical analysis.
The distribution of the potential Φ and the displacement u z for the thin plate case are evaluated by means of the reduced models reported in Table 7 (sensor and actuator configuration respectively) and in Reduced L4 models are reported in Tables 8 and 9 for problems 1 and 2 respectively. As first remark, it is possible to note that in general for both problems the models for thick plate analysis require more displacement variables than for thin plate analysis. It is interesting to observe that the fourth-order terms are rarely included in the refined models reported for the problem 1 (Table 8 ). In particular, these higher-order terms are totally excluded when a thin plate is considered. In addition the models reported in table 8 highlight that in almost all cases the potential distribution can be described by means of a linear model (i.e. considering only Φ k t and Φ k b functions). Considering the reduced models for problem 2 (Table 9 ) and for problem 1 (Table 8) , it is interesting to note that the type of configuration influences the number and the order of the terms selected. For example, in the reduced model for the displacement u z the variables u 1 x1 , u 1 y1 and u 1 z1 are included when problem 2 is considered but the same are not included when a problem 1 is considered. In general, the reduced models for the problem 1 require less displacement variables than for problem 2. As already noted for the problem 1, the fourth-order terms are rarely included for problem 2, but in most of cases the potential distribution computation requires more displacement variables than only Φ The distribution of stress σ zz and displacement u z along the thickness direction are reported in Fig.s 6 and 7 for L4 reduced model. Problems 1 and 2 are considered, respectively. It is possible to note that for both problems the reduced models offer values whose accuracies are within the a-priori defined threshold at the considered error criterium points. Anyway, a deviation from the reference solution can be noted for the stress σ zz when the attention is restricted to the thick plates for problem 1 (Fig. 6 ) or when problem 2 is considered (Fig. 7) . It can be observed that the accuracy in the stress computation depends on the type of configuration, indeed the stress distribution is more accurately computed for problem 2 than problem 1.
Laminated core plates
Axiomatic/asymptotic analysis is herein conducted considering a laminate plate. Its properties and geometry have been already introduced when the assessment of L4 model for the piezo-mechanic analysis has been performed. The reference values of all quantities are not reported for the sake of brevity in Tables 10 and 11 . Only few values for displacement u z , potential Φ and stress σ zz are reported for both problems 1 and 2, respectively.
The E4 model is analyzed and the results are presented in Table 12 ; it is possible to observe that, as already noted for the metallic plate, the type of configuration adopted influences the displacement/stress components which take advantage of term reduction technique. In addition, it is possible to note that thick plate analysis is more critical than thin plate analysis, since more displacement variables are required. It is interesting to note that the potential distribution for a thin laminate plate in actuator configuration (problem 2) can be computed with an acceptable accuracy by means of a linear model (only Φ k t and Φ k b are involved). It is possible to state that, similarly to the isotropic core case, the potential distribution tends to be quasi uncoupled.
The displacement u z and potential Φ distribution with the thickness direction are reported in Fig.  4(b) and 5(b) . The reduced models proposed in Table 12 are employed. In both cases, it is possible to note the good agreement of the solution offered by the reduced models with the reference solution.
In the following, L4 models is analyzed. The reduced L4 models for problem 1 and 2 are reported in Tables 13 and 14 , respectively. Firstly, it can be noted that when problem 1 is considered ( Table 13 ) the analysis of a thick plate requires more displacement variables than the analysis of a thin plate. In addition, the reduced combined model for a thick plate has more than the 50% of the terms while the same model for a thin plate has less than the 50% of the displacement variables. It is possible to note that the two types of configurations lead to different reduced models: differences exist in terms of number and order of the retained terms. As an example, it is possible to note the relevance of terms u 1 x1 , u 1 y1 and u 1 y1 (i.e. the terms u x1 , u y1 and u y1 related with the first layer) in the case of the reduced model for the displacement u z , in thick plate case. It should be underlined that, as already reported for the isotropic core plate, the potential distribution Φ, when problem 2 is considered, has only the terms related with the top and bottom functions (F k t and F k b , see Table 14 ). This observation holds for thick and thin geometries. It is worth noting that the fourth-order terms are rarely included in all problems, as already underlined for the isotropic core plate.
The distributions of the stress σ zz and potential Φ along the thickness direction computed by means of the reduced combined models of Table 13 are reported in Fig. 8 . It is possible to observe the good agreement with the reference solution. In addition, the distribution of the stress σ zz and displacement u z with the thickness direction are reported in Fig. 9 . In this case, the reduced combined models employed to compute these quantities are in Table 14 . It can be noted that the values are correctly computed (i.e. the accuracy is within the a-priori threshold) at the error criterium points although, in some case, the distribution may differ from the reference solution.
Conclusions
Simply supported piezoelectric plates have been analyzed. Navier-type solution has been adopted and the Carrera Unified Formulation has been employed to generate the refined models. The axiomatic / asymptotic technique has been used to detect the terms which are essential for a proper static response analysis. The effectiveness of the terms of a model has been computed by deactivating all terms one-by-one and by comparing the response with respect to a reference solution. If the error committed is below a defined threshold, the term is considered as not relevant and then discarded. In the present work, the reference solution has been obtained by means of L4 model, since it has been demostrated that this model gives the best agreement with the exact solutions available in literature for piezoelectric analysis. The influence of the geometry has been considered through the length-to-thickness (a/h) ratio and both sensor and actuator configurations were analyzed. The results have shown that 1. thick plate analysis is more crtical than thin plate analysis, since more terms are required. This is valid for both types of configurations;
2. the relevance of the terms is influenced by the type of the configuration considered, in other words reduced models for problem 1 are different from the reduced models for problem 2;
3. the description of the potential distribution in the thickness direction for a thin isotropic and laminated plate can be performed considering a quasi decoupled model, that is, only Φ t and Φ b can be retained;
In addition, the CUF theory has proved to be a versatile means to analyze piezoelectric plates and to deal with a method that could be defined as a mixed axiomatic/asymptotic. In particulars the CUF makes it possible:
1. to analyze the accuracy of each problem variable by comparing the results with full refined models; 2. to consider the accuracy of the results as an input, and to detect the minimum set of variables required to fulfill the accuracy input.
Future works can be performed considering different BC (in this case the use of FEM is mandatory) and a genetic approach can be used to obtain a Best Plate Diagram Theory which reports the number of retained terms vs the committed error for different refined models and geometries. In addition, shell geometries can be considered and the effect of a piezo-thermal load on the retained displacement variables can be analyzed.
Tables
Active term Inactive term Non-deactivable term 
Full model
Reduced model Table 4 : Piezo-mechanic static response of a piezoelectric plate. Analytical solution from [26] for actuator configuration -a/h = 4. Material properties reported in [26] . Table 5 : Piezo-mechanic static response of a square isotropic plate, problem 1. 
